Abstract. In this paper, it is first given as a necessary and sufficient condition that infinite matrices of a certain type have double eigenvalues. The computation of such double eigenvalues is enabled by the Newton method of two variables. The three-term recurrence relations obtained from its eigenvalue problem (EVP) subsume the well-known relations of (A) the zeros of Jν (z) 
Introduction
Two general theorems on the computation of eigenvalues of infinite matrices ( [7] and [6] ) were proved by one of the co-authors (Ikebe) . This has become a powerful tool for computing zeros of certain special functions as well as eigenvalues of certain differential equations. Such cases include:
(A) the computation of the zeros of J ν (z) (where J ν (z) denotes the Bessel function of the first kind of order ν) [6] , [7] , (B) the computation of the zeros of zJ ν (z) + HJ ν (z) [4] , (C) the eigenvalue problem (EVP) of the Mathieu differential equation [6] , [8] , (D) the EVP of the spheroidal wave equation [9] , and (E) the computation of the zeros of regular Coulomb wave function and its first derivative [10] .
In this paper, let the two theorems be referred to as Theorem A and Theorem B, respectively, for convenience: 
]). Assume a complex symmetric tridiagonal matrix
. . . where d k → 0, f k → 0 (k → ∞), f k = 0 (k = 2, 3, . . . ), representing a compact operator in the Hilbert space 2 . Let A have a simple eigenvalue λ = 0, and let 0 = χ = [χ (1) , χ (2) , . . . ] T ∈ 2 be an eigenvector corresponding to λ. Then (i) letting A n (n = 1, 2, . . . ) denote the nth order principal submatrix of A, there is a sequence {λ n } of eigenvalues of A n which converge to λ; (ii) letting χ T χ = 0 and letting χ (n+1) /χ (n) be bounded for all sufficiently large n, we have the following error estimate: 
Theorem B ([6, Theorem 1]). Assume a noncompact complex symmetric tridiagonal matrix
In Theorems A and B, we define 2 as the complex Hilbert space
as the quantity converging to zero as n → ∞. The existence of T −1 is defined to have only one solution z = 0 for Tz = 0. Also, we call an eigenvalue λ simple if and only if its corresponding eigenvector is unique (up to scalar multiplication) and also if no corresponding generalized eigenvectors of rank 2, namely,
Theorems A and B justify an extremely accurate error estimates of eigenvalues for infinite matrices, but only when the eigenvalue is simple. Besides, it is known that the computation of double eigenvalues of matrices causes the severe drop of its precision. However, the authors came up with an algorithm to compute double eigenvalues accurately for some restricted matrix T in Theorem B.
The first aim of this article is to provide the theorems stating a necessary and sufficient condition that such (restricted) infinite matrices have double eigenvalues. This is discussed in Section 2. Furthermore, based on the theorems, the authors propose algorithms to compute double eigenvalues with a good rate of convergence and accuracy in Section 3. In fact, its computation is easily realized with the Newton method of two variables. Three examples ((A), (B), and (C)) are shown with the results of experiments (Section 4), followed by the concluding remarks in Section 5.
Theorems on double eigenvalues
2.1. Setting the type of infinite matrices. First, let the restricted matrix form of T in Theorem B be set as below:
[Matrix Form] Define the following infinite matrix T:
, with a n , b n , and c n independent of µ = 0, and in the forms of 
Proof. Let " " denote the differentiation with respect to µ. Then (2.2) is changed into λ y = (T − λI)y + T y. (2.5) Multiplying by y T the left of both sides of this equation yields
The first term vanishes if y ∈ 2 . This is easily shown with |dλ/dµ| < ∞ and (2.5). As for the second term of (2.6),
Remark 1. If y T y = 0, it is obvious that dλ/dµ = 0 and x T x = 0 are equivalent. If T in (2.1) is real, this holds unconditionally since y is nonzero and real (or a real vector multiplied by a complex scalar).
Corollary 1. The following relation holds if µ is differentiable with respect to λ:
Proof. Refer to Theorem 1 for its proof.
Theorem 2. If x
T x = 0, the next three conditions are equivalent:
Proof. First, (b)⇔(c) is obvious from (2.7). What remains is (a)⇔(b). (a)⇒(c) is shown first for proving (a)⇒(b). Since λ is a double eigenvalue, there exists a generalized eigenvector v ∈ D(T) of rank 2 which satisfies (T − λI)v ≡ y = 0, y, v ∈ D(T), and (T − λI)
Now the computation of y T y leads to
The converse, or (b)⇒(a) follows. Let " " denote the differentiation with respect to λ. We will show the existence of v ∈ D(T) in (2.8). Differentiating (2.2) with respect to λ gains
T y − y = −(T − λI)y .
T = 0 since dµ/dλ = 0 and T is dependent only on µ. Therefore, y = (T − λI)y . What needs to be shown is 0 = y ∈ D(T). First, y = 0 is easily shown, for, the assumption y = 0 directly leads to y = 0, which is absurd. Secondly, y ∈ D(T) is obvious again, since, otherwise, y = (T − λI)y ∈ 2 is derived from the form of T.
Computation of double pairs with the Newton method of two variables
In this section, we illustrate how to find the pairs (µ, λ) satisfying either (case 1) dλ/dµ = 0 or (case 2) dµ/dλ = 0. We use these results below for computing double eigenvalues of infinite matrices. Let such a pair (µ, λ) be called a double pair, and for a double pair of case 1 (case 2, respectively) let it be called a double pair of type dλ/dµ = 0 (a double pair of type dµ/dλ = 0, respectively).
3.1. Algorithm for computing double pairs of type dλ/dµ = 0. Now we are ready to propose the method for computing double pairs of type dλ/dµ = 0. Remark 1 states that if y T y = 0, then double pairs of type dλ/dµ = 0 are equivalent to the (µ, λ)'s which satisfy g 1 (µ, λ) ≡ x T x = 0. Its algorithm is shown, by the Newton method of two variables. Throughout this section, λ is assumed to be differentiable with respect to µ.
The Newton method of two variables, given h 1 (µ, λ) and h 2 (µ, λ), computes the pair (µ, λ) satisfying h 1 = h 2 = 0 by iteration. Its formula is described as
where
µ 0 , λ 0 are initial values, and for n ≥ 1, µ n , λ n are the approximated values of µ, λ after iteration of (3.1) n times. In order to apply this method to the problem in question, let us identify the terms that we want to have vanish. One is obviously h 1 (µ, λ) = g 1 (µ, λ) = x T x, and the other is, in fact, h 2 (µ, λ) = d 1 y 1 + f 2 y 2 − λy 1 , the LHS of the first equation expanded from (2.2). The values required for each iteration are, from (3.2),
The values of ∂y k /∂µ, ∂y k /∂λ as well as y k (k = 1, 2, . . . ) appearing in (3.3)-(3.6) are calculated using three-term relations demonstrated below:
The expansion of (2.2) turns into the recurrence relations of y k . By backward substitution, one can compute the values of y k from a sufficiently large k = K. Also, differentiating each of its expanded equations with respect to µ and λ gives
and
respectively. Note that ∂y 0 /∂µ = ∂y 0 /∂λ ≡ 0. With y k known, ∂y k /∂µ and ∂y k /∂λ are obtained in the same way that the y k are computed.
Remark 2. In general, the use of the Newton method does not guarantee (µ k , λ k ) → (µ, λ) (a double pair). However, one can easily switch into applying the bisection method with the aid of (2.3). The bisection method ensures the convergence of approximated real (µ k , λ k )'s on the grounds that there exists the pair of (µ, λ) = (μ 1 ,λ 1 ) and = (μ 2 ,λ 2 ) satisfying
From (2.3), the value of dλ/dµ is computable if only y T y = 0. Equation (2.3) holds only for the (µ, λ) pairs satisfying (2.2), but its pairs can be obtained using the method in Theorem B.
3.2. Algorithm for computing double pairs of type dµ/dλ = 0. In this section, finding double pairs of another type is discussed. Throughout this section, it is assumed that µ is differentiable with respect to λ.
The same method that was used in Section 3.1 is applied. In this case, one of the terms that is to vanish is h 1 (µ, λ) ≡ y T y, and the other is, as the last case, h 2 (µ, λ) = d 1 y 1 + f 2 y 2 − λy 1 . The values of ∂h 1 /∂µ, ∂h 1 /∂λ, ∂h 2 /∂µ, and ∂h 2 /∂λ are derived by (3.5), (3.6), and
The values of y k , ∂y k /∂µ, and ∂y k /∂λ are computed similarly to the computations in Section 3.1.
Remark 3. The bisection method is again applicable (useful especially when the Newton method does not work). Details are omitted (refer to Remark 2).

Applications of double eigenvalue computation
In this section we give three illustrations of the method in Section 3. The first application is to show that there exist no complex zeros z = 0 of J ν (z) satisfying dν/dz = 0 (Section 4.1), the second is to compute zeros of zJ ν (z) + HJ ν (z) satisfying dν/dz = 0 (Section 4.2), and the third is to compute double eigenvalues of the Mathieu differential equations for both types (dλ/dq = 0 and dq/dλ = 0) (Section 4.3).
4.1.
Proof of nonexistence of double pairs of J ν (z) = 0. This section proves that there are no complex zeros z = 0 of J ν (z) satisfying dν/dz = 0.
J ν (z), the Bessel function of the first kind of order ν, is widely known to satisfy J ν (z) − {2(ν + 1)/z}J ν+1 (z) + J ν+2 (z) = 0. Reference [6] proved that the problem of computing zeros ν of J ν (z), given z (the "inverse problem" of solving zeros z of J ν (z), so to speak) is equivalent to computing the eigenvalues of the following matrix:
where Figure 1 is the z-ν curve created by the algorithm in [6] . From this figure, it is conjectured that given z = 0, there are no ν satisfying dν/dz = 0. For ν > −1,
this is easily proved from the matrix theory. However, the proof demonstrated here covers the complex z = 0 and ν. One obtains the next relation when Theorem 1 is applied to this problem: dν dz
Since y ∈ 2 , y T y < ∞ is obvious. Then, it suffices to show x T x = 0 to prove dν/dz = 0. Let x T x of (4.1) be computed as follows:
= 0 (J ν+1 (z) = 0 and J ν (z) = 0 when J ν (z) = 0).
As was conjectured, no complex z = 0 and ν for J ν (z) = 0 satisfy dν/dz = 0. Figure 1 is that the existence of double pairs of type dν/dz = 0 is observed. In fact, if we apply Theorem 1 to this problem,
(this is derived similarly to Section 4.1 for x T x; details are left Table 1 . First 20 double pairs (z, ν) of type dν/dz = 0 (H = 1) Table 1 . The N 's represent that the corresponding points are the N th closest to the origin (note that we have regarded two symmetrical points with respect to the ν-axis as one). where q and λ are both parameters, is known as the Mathieu differential equation. Given q, the value of λ which allows (4.2) to have a π-or 2π-periodic solution w(z) is called an eigenvalue, and such w(z) is called the Mathieu function (of the first kind; as for the second kind, see [1] ). The Mathieu function of the first kind is classified into four types, depending on the type of expansion ((Fourier) sine or cosine series expansion and the period π or 2π). In this section, only the type 2, 3 , . . . , will be focused, since the other three types are essentially derived with the same procedure. The solutions for double pairs (q, λ) of types dλ/dq = 0 and dq/dλ = 0 will be proposed in this section.
4.3.1. Double pairs of type dλ/dµ = 0. We shall first plot, in Figure 3 , the real pairs of q and eigenvalues λ of (4.2) [8] . where dλ/dq = 0 holds (marked "•"). After Theorem 1 is applied, the following relation is obtained: dλ dq
The authors of [2, Chapter 3, (24b) and Figure 1 ] found, through experiments, that a group of q-λ curves {a k } (k = 1, 2, . . . ) (a k corresponds to the kth closest curve to the origin with q and λ real) have the following relation:
where h 2 = 4q, and m and n are natural numbers. This of course is true of double pairs (q, λ) too. Then, once a double pair is gained, one can utilize their values for the selection of a good initial candidate (which is often considered the key to the Newton method), with (4.3) for the other double pairs.
With such preparation done, the Newton method of two variables is executed. Table 2 tabulates the initial values (q 0 and λ 0 ) and the values of q n and λ n for the 9th and 10th double pairs closest to the origin. Only the first 12 digits are displayed (after rounding); n represents the number of iterations. In each case (or N = 9, 10), two digits are already in agreement with the true pair (q, λ) at the stage its initial value is determined. For the list of the first 30 double pairs, see [8] .
4.3.2. Double pairs of type dµ/dλ = 0. In the previous case, the q-λ graph was created for real q and real λ. Next, let the new graph be plotted, this time for real λ and purely imaginary q (in Figure 4) . It is observed in Figure 4 that there should exist pairs of λ (real) and q (purely imaginary) such that dq/dλ = 0, at the points marked "×". As in the case of type dλ/dµ = 0, double pairs of the same accuracy were obtained. The first 10 double pairs are listed in Table 3 . It is naturally conjectured that (4.3) applies for real λ and purely imaginary q as well. The fact is that Table 3 was thus created. Table 4 describes the iterated values of (q n , λ n ) for the 5th and 6th closest double pairs. The notation of n and N are identical with Section 4.3.1.
Concluding remarks
In this paper, a class of infinite matrices was set and theorems on their double pairs were shown. In addition to the theorems, a method was proposed for the computation of such double pairs by the Newton method of two variables. It was also found that the bisection method is useful when parameters are real. This method was applied to the zeros of J ν (z) and zJ ν (z) + HJ ν (z) and to the EVP of the Mathieu differential equation. These examples demonstrated that our method enables efficient and accurate computation of multiple zeros.
